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Abstract. We study the quasiparticle properties in the d-wave superconductivity,
antiferromagnetism, and the staggered flux state within a renormalized mean-field theory based
on the two-dimensional t-J model. In particular, we focus on the anomalous quasiparticle
dispersion relations around the antinodal region of the Brillouin zone argued in Hashimoto
et al., Nature Phys. 6, 414 (2010). We obtain the qualitatively consistent results with their
observations when we take account of the SF state. The present analysis shows that the SF
order can be a possible candidate of symmetry-breaking pseudogap states coexisting with the
dSC.
1. Introduction
Recent experimental studies have indicated that the pseudogap phase in underdoped high-Tc
cuprates is accompanied by some phase transitions with the breaking of time-reversal [1, 2],
rotational [3], or translational symmetry. These symmetry breakings imply that there can be
nematic order, charge order, or other instabilities in the pseudogap phase[4, 5, 6, 7, 8]. It has
also been suggested that the pseudogap order and d-wave superconductivity (dSC) can coexist
within the superconducting dome of the cuprates at p < 0.19, where p is the hole concentration.
One of the intriguing experimental evidences of the coexisting pseudogap phase with dSC
is a gap-structure in the AREPES data opening with broken particle-hole symmetry found
in Bi-2201 [9, 10]. They examined the quasi-particle dispersions along the Brillouin zone
boundary, and claimed that the gap opens below the Tc is distinct from dSC based on a
phenomenological model calculation, and also that the gap can be understood by assuming
the coexisting antiferromagnetic (AF) order with dSC. Soon after the that, Greco and Bejas
[11] have carried out theoretical calculations of the quasiparticle properties in the pseudogap
state incorporating the effects of d charge-density-wave fluctuation, or the so-called staggered
flux fluctuation) based on the t-J model. They successfully described the anomalous dispersion
relations along the zone-boundary without taking account of AF order or fluctuation.
Motivated by these backgrounds, we here study the quasiparticle properties in dSC, AF, and
also the staggered flux (SF) states within the same theoretical framework. The SF state is a
normal, or non-superconducting state with broken symmetries, and has been studied by many
groups since the early stage of research on cuprate superconductors [13, 14, 15, 16, 17, 18]. It was
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considered firstly as a candidate of the ground state for the CuO2 plain, then has been studied
as a candidate for a non-superconducting state that causes the pseudogap found in underdoped
cuprates. In this paper, we study the quasiparticle dispersions in the SF, AF, and dSC states
by using the t-J model within the Bogoliubov-de Gennes theory based on an extended version
of the Gutzwiller approximation. We will see the SF state exhibits the qualitatively consistent
dispersion relations with those observed in the ARPES experiments [9, 10].
2. model
In this study, we employ an advanced version of the renormalized mean-field theory for the t-J
model, the Hamiltonian of which is given as
H = −
∑
〈i,j〉,σ
PG(tijc
†
iσcjσ + h.c.)PG + J
∑
〈i,j〉
Si · Sj − µ
∑
i,σ
c†iσciσ (1)
in the standard notation where 〈i, j〉 means the summation over nearest-neighbor pairs. The
Gutzwiller’s projection operator PG is defined as PG = Πi(1−ni↑ni↓). The Bogoliubov-de Gennes
(BdG) equation for a renormalized mean-field Hamiltonian based on an extended Gutzwiller
approximation [19, 20, 21] is given as(
H↑ij Fij
F ∗ji −H↓ji
)(
uαj
vαj
)
= Eα
(
uαi
vαi
)
, (2)
with
Hσij = −
∑
τ
(
teffij + J
eff
ij χ˜ji
)
δj,i+τ −
∑
ν
t′effij δj,i+ν + σδij
∑
τ
heffi,i+τ − µδij
F ∗ij = −
∑
τ
Jeffij ∆˜ijδj,i+τ , (3)
where σ = ±1, i + τ represents the nearest neighbor sites of the site i, while i + ν the 2nd
neighbor sites.
The renormalized parameters teffij , t
′eff
ij , J
eff
ij and h
eff
ij have somewhat complicated forms
depending on the local expectation values ∆ij =
1
2〈c†i↑c†j↓ − c†i↓c†j↑〉, χij = 〈c†iσcjσ〉, and
mi =
1
2〈ni↑ − ni↓〉 [19, 20, 21]. These parameters are determined from cluster calculations
to reproduce the variational Monte Carlo results [19]. Thus the present renormalized mean-field
theory can give more reliable results than theories based on the conventional slave boson or
Gutzwiller approximation [22]. In particular, the overestimation of AF commonly seen in the
conventional mean-field theories is improved in the present theoretical treatment. Since the
detailed derivation of these parameters are given in ref. [19], here we only show in Table 1 the
self-consistently obtained numerical values of them for the t-J model with J/t = 0.3, t′/t = −0.3,
and the hole doping δ = 0.09. In the present calculation, we regard the 2×2 square lattice as a
unit cell to solve the BdG equation numerically.
3. Results and discussion
Let us look at firstly the quasiparticle states of dSC and SF states. Figure 1 shows the density
of states (DOS) per each site for dSC and SF states. Here the DOS is given as
Nj(E) =
1
Nc
∑
k,α
[∣∣uαj (k)∣∣2 δ(Eα(k)− E) + ∣∣vαj (k)∣∣2 δ(Eα(k) + E)] (4)
Table 1. Renormalized model parameters for the t-J model with J/t = 0.3, t′/t = −0.3, and
δ = 0.09. Here we omit the site indices i and j because we are studying homogeneous electronic
states.
state teff t′eff J
eff∆˜ Jeff χ˜ heff µ
normal state 0.1445 -0.0495 0 0.0805 0 -0.161
dSC 0.1403 -0.0494 0.032 0.0642 0 -0.143
SF 0.1416 -0.0497 0 0.067±0.0332i 0 -0.165
dSC+AF 0.1384 -0.0491 0.030 0.062 0.0285 -0.144
where j represents a site where the local density of states is calculated, α is the eigenstate index,
and k is the Bloch wave number of the present unit cells. The blue line in Fig. 1 represents
the DOS for dSC, and the red one for SF states. The form of the FS implies that the DOS
at zero-energy is nonzero, in contrast to the results for dSC, as previously found by Morr [16].
In particular, we can see that the DOS for the SF state is shifted downwards in energy, in
comparison to the case of dSC. Thus we can expect the quasiparticle excitation energy for the
SF is larger than that of dSC around the antinodal region of the Brillouin zone.
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Figure 1. The density of states (DOS) per each site for dSC (blue) and SF (red) states.
Next, we show the antinodal quasiparticle dispersions EdSC(k) for dSC (blue) and ESF(k)
for SF (red) [23] along the Brillouin zone boundary kx = pi in Fig. 2. We also plot the
normal state dispersion relation (green) for comparison. As expected, the dSC state shows
the superconducting energy gap ∆EdSC ∼ 0.12 around ky/pi ∼ ±0.08 as indicated by blue
arrows. This momenta with the gap minima is slightly different from the Fermi wave number
in the normal state due to the chemical potential shift accompanying the superconducting
phase transition, as shown in Table 1. The SF state exhibits the larger excitation energy
gap ∆ESF ∼ 0.14 around ky/pi ∼ ±1.1, which is markedly away from those for the dSC state,
as indicated by red arrows in Fig. 2. Since the chemical potential in the SF state is almost
the same as the normal state (Table 1), the marked difference of the momenta with the gap
minima from the Fermi wave number is due to the broken particle-hole symmetry in the SF
state. These results are consistent with the recent ARPES observations [9, 10] in which an
anomalous dispersion relation has been found at T < Tc in an optimally doped Bi-2201 cuprate
superconductor. Thus the SF state can be a possible candidate of symmetry-breaking pseudogap
states coexisting with the dSC. We note here that, in the present calculation, the SF state does
not have a lower energy than the dSC, and also that the coexisting state of these two (dSC+SF)
has not been found. We can expect, however, that the SF or the SF+dSC state may be stabilized
when we consider finite temperature effects, or intersite Coulomb repulsion [17].
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Figure 2. Quasiparticle dispersion relation for dSC (blue), SF (red), and the normal state
(green) along the Brillouin zone boundary kx = pi.
Finally, let us mention the effects of antiferromagnetic (AF) order on the anomalous dispersion
relation found in the zone boundary shown in Fig. 2. If the AF order is taken into account in
our calculation, we find a small expectation value of 〈Szj 〉 ∼ ±0.05 coexisting with the dSC state
for the hole doping δ = 0.09. Thus the antiferomagnetic gap is also very small, and we confirm
that the DOS for this coexisting state is almost similar with that of the dSC, as shown in Fig. 3
(a). A small gap-like structure can be found around E/t ∼ 0.1. In order to clarify the effect of
this small gap structure in the DOS, we calculate the momentum distribution function n(k) for
the coexisting state (dSC+AF) and the dSC state. Figure 3 (b) shows the difference of the n(k)
between these two states in the full Brillouin zone. We can clearly see that the effects of the
coexisting AF order is concentrated around the AF hot spots, and does not have a significant
effect around the antinodal region of the Brillouin zone. Thus we speculate that the anomalous
dispersion relation found in the ARPES experiments [9, 10] is not due to AF.
4. Summary
We have studied the quasiparticle dispersion relation around the antinodal region of the full
Brillouin zone in the dSC and SF states within the renormalized mean-field theory based on the
t-J model. The present analysis has shown that the SF order can be a possible candidate of
symmetry-breaking pseudogap states coexisting with the dSC.
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